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Abstract
We construct examples of simply connected surfaces with genus 2 fibrations over P1 which are of
“general type” according to the definition of Campana. These fibrations have special fibres such that
the minimum of the multiplicities of the components is ≥ 2 while the g.c.d is 1. We can extend the
construction to any even genus g.
Introduction
In the classification of varieties proposed by Campana ([6], [7]), a central roˆle is played by the concept
of general type fibrations. Roughly speaking, a fibration f : X −→ Y is of general type if either Y is of
general type, or f has “enough multiple fibres” (Definition 1.2). Campana’s definition of multiplicity of
a fibre is different from the classical one: in the case of surfaces, it is the minimum of the multiplicities
of the components of the fibre, while classical multiplicity is the greater common divisor. Although the
definitions are different, a first natural question is whether there exists or not a fibration such that the
minimum and the g.c.d of the multiplicities of the components of some fibres are different; let us call such
fibres C-fibres. The problem of existence is solved by a theorem of Winters [17] asserting that a curve
with locally planar support such that the multiplicities of its components satisfy a natural combinatorial
assumption is the fibre of a surjective proper morphism from a smooth surface to a curve. Winters’ result
thus reduces the question of the existence of C-fibres to a combinatorial one.
It is however interesting to explicitly construct examples of such fibrations, and in particular it is
significant from the point of view of Campana’s classification to study general type fibrations where the
base curve is rational or elliptic. The arguments used by Winters are of very abstract nature (Deformation
Theory and Grothendieck algebrization Theorem), and do not allow neither to construct explicit examples
nor to have any control on the base of the fibration, which is obtained by completion from an affine base.
Campana gives in [4] an example of general type fibrations of genus 13 over P1 with no classical
multiple fibres. The C-fibres in this example are simply connected. This implies that classical multiple
fibres and C-fibres are different concepts even from the topological point of view; indeed, a multiple fibre
of a connected fibration can not be simply connected (see Remark 1.6). Moreover, as these are fibrations
over P1 with a simply connected fibre, the total space is simply connected itself; this means that fibrations
with C-fibres does not have topological restrictions on the fundamental group, as fibrations with classical
multiple fibres do (see Remark 1.1).
It seems interesting to exibit more C-fibres, and to construct examples in arbitrary genera. There are
no C-fibres in genus 1; this follows from the classification of singular elliptic fibres done by Horikawa [2]
V.7. As the C-fibres are very “complicated”, it seems natural to guess that there is an upper bound on
the genus of fibrations possessing them.
This note arises from the observation that in the classification of genus 2 fibres done by Namikawa-Ueno
and Ogg there are exactly four types of C-fibres. Using the local equations provided in [13] we construct
surfaces with genus two fibrations over P1 and any possible C-fibre. From these, we can form general
type fibrations over P1, and we prove that they are simply connected (Theorem 2.2). It is worth noticing
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that genus two fibrations do not admit any multiple fibre in the classical sense (Remark 2.1), hence these
examples provide another evidence of the difference between the two notions. Our construction is very
simple, once one is provided with a local equation for these singular fibres; we consider a suitable double
cover of P1 × P1, and apply the canonical resolution process. Eventually, we perform a base change in
order to obtain “enough” multiple fibres. As an illustration, we develop in detail in 3.1 the computations
for verifying the existence of the C-fibre in one case. Thanks to this insight on the resolution of our
surfaces, we can investigate their geometry and compute their invariants in some cases (Proposition 3.2).
The fibration we construct are in two cases isotrivial, in the other ones not (Remark 3.3) From one of
the local equations we can eventually derive very naturally a construction for C-fibres in any even genus
(Theorem 3.5).
Let us finally remark that the surfaces here constructed are defined over Q. One of the points of view
from which Campana’s classification is of compelling interest, is the study of diophantine problems. It
would be interesting to analyze the density of rational points on these surfaces, in view of Bombieri-Lang
Conjecture (see Remark 2.5).
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1 Multiple fibres and general type fibrations
We work over the complex field C. A fibred surface is the data of a smooth projective surface S with
a surjective morphism with connected fibres (a fibration for short) to a smooth complete curve B. The
general fibres of a fibred surface are smooth and their genus is called the genus of the fibration. Let
F =
∑
imiCi be a fibre of a fibration, where the Ci’s are the irreducible components. The fibre F is said
to be multiple of multiplicity n if n = g.c.d.{mi} > 1.
Remark 1.1. Given a fibration f : S −→ B with multiple fibres, it is - almost every-time - possible to
construct an e´tale cover of S by an appropriate base change. Indeed, from [12] we know that for any
smooth curve of positive genus B, given a set of points {p1, · · · pk}, and a string of integers strictly greater
than 1, (m1, · · · ,mk), there exists a cover B′ of B, ramified exactly above the pi’s, with ramification index
mi on pi. Of course this cover in general is not cyclic. For B = P
1 the above statement holds except for
the cases k = 1, and k = 2, m1 6= m2. Given a fibration f : S −→ B with multiple fibres (with the above
restrictions if B = P1), consider the commutative diagram
S′
α−−−−→ Sy yf
B′
ψ−−−−→ B
where ψ : B′ −→ B is the the cover ramified exactly at the points corresponding to multiple fibres, with
ramification index equal to the multiplicity, and S′ is the normalization of the fibre product. Then the
morphism α is e´tale (cf. [5], Appendix A.C). Note that the fundamental group of S contains a finite index
subgroup H which admits a surjective homomorphism on the fundamental group of a curve of genus ≥ 2.
Let f : S −→ B be a fibred surface. For any fibre f∗(b) =∑imiCi, we define m(b) as mini{mi}. As
the general fibre of f is smooth, m(b) = 1 for all but a finite set of points in B. Consider the Q-divisor on
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B
∆(f) =
∑
b∈B
(
1− 1
m(b)
)
b.1
Let κ(B,KB +∆(f)) be the Kodaira dimension of the Q-divisor KB +∆(f), i.e. the Kodaira dimension
of an integer multiple of KB +∆(f).
Definition 1.2 (Campana). The fibration f : S −→ B is said to be of general type if
κ(B,KB +∆(f)) = 2.
Example 1.3. Clearly, any fibration over a curve of genus greater or equal to two is of general type. A
fibration over an elliptic curve B is of general type if there is at least a b ∈ B such that m(b) ≥ 2. A
fibration f over P1 is of general type if and only if
−2 +
∑
b
m(b)− 1
m(b)
= deg(KB +∆(f)) > 0.
Hence, for instance, no fibrations over P1 with exactly two singular fibres are of general type. If we consider
the string of integers given by the m(b)’s which are not equal to 1, listed increasingly, it is easy to see that
the cases in which f over P1 is not of general type are associated to the following strings:
(n), (n,m), (2, 2, n), (2, 3, k), (2, 4, 4), (3, 3, 3), (2, 2, 2, 2),
with n,m arbitrary integers strictly greater than 1, and 2 ≤ k ≤ 6. Note that these are precisely the cases
when the associated ramified cover of P1 - as defined in Remark 1.1 - has genus strictly smaller than 2.
From Remark 1.1 and Example 1.3 above, it is clear that if f : S −→ B is a general type fibration such
that for any b ∈ B the integer m(b) equals the classical multiplicity, then S is of general type, because it
has an e´tale cover of general type. More generally, in [4], Proposition 1.7 (see also [6] Section 3.5) it is
shown that if f : S −→ B is a general type fibration, then S has Kodaira dimension 2 if and only if the
genus of f is at least 2.
Definition 1.4. Let f : S −→ B be a fibred surface. We will say that a fibre f∗(b) is of Campana type,
and call it C-fibre, if it is not a multiple fibre, but m(b) > 1.
We now turn to the question of the existence of general type fibrations with C-fibres. The following
result of Winters [17] holds.
Theorem 1.5 (Winters). Let Z =
∑
iCi be any reduced locally planar curve. Let {mi}i∈I be a collection of
positive integers. If for any i, mi divides
∑
j 6=imj(Ci ·Cj), then there exists a proper surjective morphism
from a smooth surface to a smooth complete curve such that C =
∑
imiCi as a fibre of such a morphism.
Remark 1.6. One has to be aware that Winters’ result does not establish the existence of a fibration, i.e.
of a proper morphism with connected fibres. Note for instance that if G is any simply connected locally
planar reduced curve then for any m the curve C = mG satisfies the conditions of Theorem 1.5 and hence
it can be seen as the fibre of a morphism f : S −→ B. However, necessarily f has not connected fibres.
Indeed if f would be a fibration, the sheaf OC|G would be a torsion sheaf on G ([2], Lemma III.8.3), so
that π1(G) 6= {1}, a contradiction.
On the other hand, it is immediate to see that the case of a classically multiple fibre is the only case
when the morphism of Winters is not a fibration:
1The data (B,∆(f)) is called the base orbifold, or the constellation [1] of f .
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Proposition 1.7. Let C =
∑
imiCi be the fibre of a proper surjective morphism f : S −→ B from a smooth
projective surface S to a smooth complete curve B. Suppose that C is connected and that g.c.d.{mi} = 1.
Then f has connected fibres; hence, it is a fibration.
Proof. Consider the Stein factorization of f
S˜
f ′ ?
??
??
??
?
f
// B
B′
γ
??~~~~~~~~
(1.1)
Where γ is a finite morphism of degree d and f ′ a fibration (in particular it has connected fibres). Suppose
that f has not connected fibres: equivalently d ≥ 2. Let C be as above, and b ∈ B such that f∗(b) = C.
As f∗ = f ′∗ ◦ γ∗, the support of f∗ is connected if and only if b is a branch point of total ramification for
γ. But then C = f ′∗(γ∗(b)) = f ′∗(db′) = dF ′, hence g.c.d.{mi} ≥ d ≥ 2, contrary to the assumption.
As pointed out in the Introduction, Winters’ result is not constructive, and in particular it does not
guarantee the existence of fibrations with C-fibres and no multiple fibres, and the existence of general type
fibrations over base curves of genus smaller than one.
The first example of fibration with C-fibres is provided by Campana in [4], Sec. 5. The author
constructs a genus 13 fibration over P1 without multiple fibres and with a fibre made of 5 rational smooth
curves all meeting in a point, 3 with multiplicity 2 and 2 with multiplicity 3, as in figure below.
From this, by performing a suitable base change, he can produce a surface fibred over P1 with at least
6 fibres of the above type. Moreover, the surface is simply connected, because it has a fibration over P1
with a simply connected fibre.
2 Campana’s fibrations in genus two
The fact that C-fibres don’t exist in genus one follows from the classification of singular elliptic fibres done
by Horikawa ([2] V.7). It seems natural to think that in low genus no C-fibres exist. For instance, it is not
hard to see that the lowest possible genus of a C-fibre made of two irreducible components is 11, achieved
by a curve of the form F = 2A + 3B where A, B are two smooth rational curves meeting transversally
in 6 points. However, from the lists given by Ogg [14] and by Namikawa-Ueno [13], we see that there are
C-fibres already in genus two. There are in fact 4 possible configurations, having much more than two
irreducible components; listed in Figure 1 below. For the reader’s convenience, we report in the figure the
corresponding numbers of Ogg’s list. The straight lines in the picture are smooth rational components,
the number attached to them are, as usual, their multiplicities.
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Remark 2.1. The fact of finding C-fibres of genus two fibrations is another evidence of the difference
between this kind of fibres and the multiple ones, because genus two fibrations does not admit multiple
fibres. Indeed, this follows from this more general simple remark. Let S −→ B be a fibration of genus g.
Then, for any fibre F , by the adjunction formula, (KS · F ) = 2g − 2. Suppose that F is a multiple fibre,
i.e. F = nE, with E effective. Then (KS · E) = (2g − 2)/n. The arithmetic genus of E is
pa(E) = 1 +
1
2
(KS ·E) = 1 + g − 1
n
.
Hence, given any fibration of genus g, the multiplicity of the fibres divides g − 1.
The main result can be summarized as follows (Proposition 2.3 and Proposition 2.4 below).
Theorem 2.2. For any i = 1, . . . , 4 there exist general type fibrations gi : Si −→ P1 such that
(i) the surfaces Si are of general type and simply connected;
(ii) Any gi admits fibres of type i, and no multiple fibres.
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We construct the surfaces by using the explicit equations for the local deformations of such fibres given
by Namikawa and Ueno. Indeed the two authors give for any fibre a local equation of a family of sextics
which realize locally a smooth family with the desired fibre (some of these equations were also found by
Ogg):
type 1 y2 = t(x6 + αtx3 + t2)
type 2 y2 = t(x2 + t)(x4 + t)
type 3 y2 = t(x3 + t2)((x − 1)3 + t2)
type 4 y2 = t((x3 − t)2 + th+2)
The coordinate t is the local coordinate of the base, x of the fibre. When one makes a canonical
resolution ([2], III.7 and [15]) of this double cover the result is a smooth surface with a fibration over a
complex disc such that the fibre over 0 is the desired one. As an illustration, we shall develop in detail
this computation for the first case in 3.1.
Let us call ([x : z], [t : s]) the coordinates in P1×P1. We projectivize the four equations of the branches
as follows
(1) ts(s2x6 + αstx3xz3 + t2z6) (2) ts(sx2 + tz2)(sx4 + tz4)
(3) ts(t− s)(s2x3 + t2z3)(s2(x− z)3 + t2z3) (4) ts(sh(sx3 − tz3)2 + th+2)
Let Bi be the curve defined by equation (i). These are even divisors in P
1×P1, i.e. there exist a line bundle
Li such that L⊗2i ∼= OP1×P1(Bi). Let Yi be the double cover of P1 × P1 ramified over these branches. The
Bi’s are singular reduced curves, so Yi are singular normal surfaces [15]. Apply the canonical resolution
process to Yi −→ P1×P1, and let Xi be the minimal model of the surface obtained. Any of the Xi’s admits
a fibration of genus two over P1 with the fibre over [0 : 1] of type i, and possibly some other singular fibres,
none of which is multiple by Remark 2.1. In particular, by the symmetry of equations (1) and (2) we see
that X1 and X2 have another fibre of type 1 and 2 over [1 : 0].
In order to produce a fibration of general type from our construction, we argue as Campana in [4].
Consider n ∈ N≥2, and perform a cyclic base change of degree n from P1 to P1 ramifying in two points
other than [0 : 1] and [1 : 0]. Let Xni be the normalization of the induced fibred product. This way, we
obtain a fibration fni : X
n
i −→ P1 with at least 2n fibres of type i for i = 1, 2, or at least n fibres of type
i for i = 3, 4. To produce a fibration over an elliptic curve, we can for instance make a base change of
degree 2 (resp. 3) ramifying on 4 (resp. 3) points other than [0 : 1]. For n ≥ 6 these fibrations are of
general type (Definition 1.2) and - by [4], Prop.1.7 - the surface obtained are of general type. We have
thus proved the following result.
Proposition 2.3. For i = 1, 2 and n ≥ 3 (resp. i = 3, 4 and n ≥ 6) the fibrations fni : Xni −→ P1 are of
general type with fibres of type i, and no multiple fibres. The surfaces Xni are of general type.
We now turn our attention to the fundamental groups of our surfaces. For i = 1, 3, 4, the surfaces Xni
are simply connected, having a simply connected fibre and base curve ([4], Lemme 5.8). This result can
not be applied to the surfaces Xn2 . However, we can prove directly that all our surfaces are indeed simply
connected using a Lefschetz-type result of Cornalba [9] whose statement is the following. If X is a smooth
variety and X ′ −→ X a cyclic covering whose branch locus is ample, then the fundamental groups of X
and X ′ are isomorphic.
Proposition 2.4. Let Xi −→ P1 as above. Let β : B −→ P1 any covering and let Xβi the desingularization
of the fibred product induced by β. Then π1(X
β
i )
∼= π1(B). In particular, the surfaces Xni are simply
connected for any i = 1, . . . , 4.
Proof. Let n be the degree of β. Let Y βi be the fibred product induced by fi : Xi −→ P1 and β, and let
Bβi be the branch locus of the double cover Y
β
i −→ B × P1. Observe that Bβi is of bi-degree (4n, 6) for
i = 1, 2 (resp. (6n, 6) for i = 3, (n(h + 4), 6) for i = 4) in B × P1. Hence ([11] sec.V.2) Bβi is ample for
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any i, and we can apply Cornalba’s result, obtaining that π1(Y
β
i )
∼= π1(B). Now observe that Xβi is a
desingularization of Y βi , and hence their fundamental groups are isomorphic.
Remark 2.5. It is worth noticing that these surfaces, together the fibrations, are defined over Q. This
could be interesting from the point of view of arithmetic geometry, in view of the celebrated Bombieri-
Lang conjecture: any surface of general type defined over a number field has rational points not potentially
dense (see [1] for a general discussion, and for references on this topic). Also from this point of view there
is a dichotomy between multiple and C-fibres. Indeed, a general type fibration without C-fibres is easily
seen not to be potentially dense, using the induced e´tale covering from a surface fibred over a curve of
genus ≥ 2, as in [8]. For varieties defined over number fields, Campana conjectures that the ones with
potentially dense rational points are exactly those not admitting any general type fibration. He proves
in [4] the hyperbolic and function field version of this statement, while the arithmetic one remains open,
depending on an “orbifold” version of the Mordell conjecture. It could be interesting to check the potential
non-density of rational points in our explicit cases.
3 Explicit computations and the even genus case
3.1 Canonical resolution for the first case
We now write down explicitly the canonical desingularization in the first case, and verify by hand that
there are two fibres of type 1.
Let π : X −→ W be a double cover with W smooth and branch divisor R singular and reduced.
the canonical resolution (see [2] III.7) is a standard construction that allows to obtain a smooth surface
birational to X . Note that this surface is not necessarily minimal. This process consists of resolving by
successive blow ups the singularities of R, and forming step by step an associated double cover, producing
the following commutative diagram.
Xk
σk−→ Xk−1 −→ ... −→ X1 σ1−→ X0 = X
↓ ↓ ↓ ↓
Yk
τk−→ Yk−1 −→ ... −→ Y1 τ1−→ Y0 = Y
The τj are successive blow-ups that resolve the singularities of R; and the morphism Xj → Yj is the double
cover with branch locus
Rj := τ
∗
j Rj−1 − 2
[mj−1
2
]
Ej , (3.1)
where Ej is the exceptional divisor of τj , mj−1 is the multiplicity of the blown-up point, and [ ] stands
for integral part. At the end of this process, we obtain a smooth surface birational to the original one.
Let us consider the first equation. Recall that the branch divisor is (taking α = 1)
R := B1 = Z(st(x
6s2 + stx3z3 + t2z6)) ⊂ P1 × P1,
where ([t : s], [x : z]) are the coordinates of P1 × P1. We now apply the canonical resolution machinery to
the singular point p = ([0 : 1], [0 : 1]) of R. Let us follow the the local behavior of the branch loci under
process of canonical resolution.
Let us consider the affine subset given by the equation t(x6 + tx3+ t2) = 0 in the affine space {s = t =
1} ∼= C2, and Let C1 = {t = 0}, C2 = {2x3 + t(1 +
√
t2 − 4) = 0} and C3 = {2x3 + t(1 −
√
t2 − 4) = 0}
be the local components of the branch divisor near p. Let τ1 be the blow up in p = (0, 0); let E1 be the
exceptional divisor of τ1. As p has multiplicity 3 we get as total transform
τ∗1 (C1 + C2 + C3) = C˜1 + C˜2 + C˜3 + 3E1,
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where the C˜i’s are the strict transforms of the Ci’s. A local affine equation for the total transform is
ux3(x4 + ux2 + u2) = 0. Hence the branch divisor of the first double cover, by equation (3.1), is
R1 := τ
∗
1 (C1 + C2 + C3)− 2E1 = C˜1 + C˜2 + C˜3 + E1.
By local computations as above it is immediate to see that this branch locus has a singular point p1
and the equation around this point is ux(x4 + ux2 + u2) = 0. So, this point has multiplicity 4. Let τ2 be
the blow up of p1, the branch divisor now becomes (with the obvious notations)
R2 := τ
∗
2 (C˜1 + C˜2 + C˜3 + E1)− 4E2 = ˜˜C1 + ˜˜C2 + ˜˜C3 + E˜1.
Again by local computations, we see that E2 separates E1 and the Ci’s. The process goes on until the
branch locus is (disconnected and) smooth as illustrated in the figure below.
The bold lines indicate the branch locus Rj at every step of the desingularisation. The curves with arrows
indicates the strict transform of the local branches of the curve R near p. The straight lines are the
exceptional divisors arising from the blow ups. The numbers in brackets are the self-intersection of the
exceptional divisors at each step. In the last step, we blow up all the three singular points of the branch
locus. If we consider the double cover branched along the last branch locus, the pullback of this divisor is
as follows.
Observe that a −1-curve arises after the double cover: we therefore contract it.
The branch locus R has only one other singular point, namely q = ([1 : 0], [1 : 0]), and the local equation
near q is exactly the same as the one near p. Let Z1 be the smooth surface obtained applying the above
process to both p and q. Let us consider the fibration f1 : Z1 −→ P1 obtained from the projection of
P1 × P1 on the first coordinate. In order to understand the fibre over t = 0, we have to “follow” t = 0 in
the resolution, as showed by the figure below.
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The dotted line is the fibre on each step, and as usual the numbers in the figure represent the multiplicities
of the components.
Applying now the double cover - remembering that the multiplicity of the components contained in
the ramification locus get multiplied by 2, while the other multiplicities remain unchanged - we see that
the fibre becomes exactly of the desired type.
Remark 3.1. Note that Z1 also has an elliptic fibration (i.e. a fibred surface such that the general fibre
is an elliptic curve) e1 : Z1 −→ P1, obtained considering the second projection. Arguing as we did for the
genus two fibration, we can see that e1 has only two singular fibres of the form
3.2 Invariants of Xn1
We can now compute explicitly the invariants of the surface obtained via the first equation. Let us first
recall from the first section [15] that an infinitely closed triple point of order k is a triple point of a locally
planar reduced curve such that it turns into an ordinary triple point after k successive blow ups.
Proposition 3.2. Let n ≥ 2, and let Xn1 be as in Section 3. This surfaces are of general type and their
Chern invariants are
c21(X
n
1 ) = 6n− 8, c2(Xn1 ) = 18n− 4.
Proof. Let us start by considering the branch locus B1 = Z(st(x
6s2 + stx3z3 + t2z6)). From 3.1, we have
that B1 has only two singular points p = [0 : 1] and q = [1 : 0], that both are infinitely close triple points
of order 2.
Let β : P1 −→ P1 be a cyclic base change of degree n that ramifies on two points other than p and q.
As in Proposition 2.4, let us call Y n1 the normalization of the fibred product induced by β and f1. Let
us call Zn1 the smooth surface obtained from Y
n
1 applying the canonical resolution, as described above, to
the 2n singular points of the branch and then contracting all the −1-curves in the fibres. The surface Xn1
is the minimal model of Zn1 , but we are going to show that Z
n
1 is itself minimal, so that the two surfaces
coincide. Let H1 and H2 be the generators of the Ne´ron-Severi group of P
1 × P1. By the formulas for the
invariants of double covers we have that
c21(Y
n
1 ) = 2((2n− 2)H1 +H2)·2 = 8n− 8,
and
c2(Y
n
1 ) = 2c2(P
1 × P1) + (KP1×P1 + 4nH1 + 6H2 · 4nH1 + 6H2) =
= 8 + 16n+ 6(4n− 2) = 40n− 4.
Hence, χ(Y n1 ) = 1/12(c
2
1(Y
n
1 ) + c2) = 4n − 1. As all the 2n singular points of the branch are infinitely
close triple points of order 2, by the generalization of Prop. 1.11 in [15], we have that
c21(Z
n
1 ) = c
2
1(Y
n
1 )− 2n = 6n− 8,
χ(Zn1 ) = χ(Y
n
1 )− 2n = 2n− 1,
and hence c2(Z
n
1 ) = 18n − 4. To prove that Zn1 is minimal, we can observe that any −1-curve inside
this surface is either the pullback of an exceptional not meeting the branch locus divisor in the blow up
of P1 × P1, or the reduced pullback of a −2-curve inside the branch locus. But we see from the explicit
computations in 3.1 that there are no curves of the first type, whereas there are 2n curves of the second
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kind are already contracted in Zn1 . Note that we could also use directly Corollary of Prop. 4.2 of Xiao in
[18] to conclude that Zn1 is minimal.
The fact that Xn1 is of general type follows from the Enriques-Kodaira classification of surfaces.
Note that we prove directly, without using Campana’s result [4], that these surfaces are of general type
for n ≥ 3, which is the case in which the fibration is of Campana general type. Moreover, we see that also
the case n = 2 gives a general type surface, although the fibration is not of Campana general type.
Remark 3.3. Recall that a fibration is isotrivial if all its smooth fibres are mutually isomorphic. It is
easy to see that the fn1 ’s are isotrivial fibrations. For instance it can be checked directly that the stable
reduction of the singular fibres of this fibrations is a smooth curve of genus two2.
Differently from f1, the fibration f2 has another singular fibre over r = [1 : 1]. Moreover, the stable
reduction of the two C-fibres is a curve of geometric genus 1 with one node. Therefore, f2 is an example of
a non-isotrivial fibration over P1 having the smallest possible number of singular fibres, according to [3].
Note that X2, as the examples given in [3], is a rational surface. By making a base change of degree 2 that
ramifies in two of the points corresponding to singular fibres, we obtain a fibred surface of general type
with 4 singular fibres. If, on the other side, we make a base change in the direction of the elliptic fibration,
it is easy to check that we obtain a surface with Kodaira dimension 1 with a non-isotrivial fibration of
genus 2 having three singular fibres.
For non-isotrivial semistable fibrations, on the contrary, it holds that the number of singular fibres is
greater or equal to four [3], and if it is less or equal to 5, then the Kodaira dimension of the surface is
negative [16].
As for the other fibrations, it is a simple check to see that f3 is isotrivial, while f4 is not.
3.3 Even genus fibrations of general type
With a simple modification of the third equation we can produce other fibrations with C-fibres, in arbitrary
even genus.
Proposition 3.4. Let n ≥ 2 be an even integer and let ω ∈ C be a primitive n-th root of unity. Let
Rn := Z(st
n∏
i=1
(s2(x− ωiz)3 + t2z3)) ⊂ P1 × P1.
Let Zn be the canonical resolution of the double cover of P1×P1 ramified over Rn, and let fn : Zn −→ P1
be the fibration induced by the projection on the first factor. Then fn is of genus n with fibre over [0 : 1]
of the form described in figure below.
2This is another evidence of the somehow surprising fact that the semistable reduction of of even extremely complicated
non-semistable curves could be very simple; in this case even smooth, cf. [10], sec.3.C.
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Proof. The branch Rn near the line ℓ = {t = 0} has as local components ℓ and n branches which have
a cusp at the points (0, ωi), for i = 1, . . . n. It is immediate to check, via similar computations as in 3.1,
that these cusps produce in the fibre of fn over [0 : 1] n tails made of rational multiple components as
in the figure, attached to a rational component with multiplicity 2, which is the pullback of the strict
transform of ℓ. This process can be better illustrated via the following figures. As usual the bold lines are
the components of the branch locus. The dotted line represents the strict transform of ℓ.
Theorem 3.5. Let n ≥ 2 be an even integer. There exists a fibration of genus g f : S −→ P1 such that
(i) f is of general type;
(ii) the surface S is of general type and simply connected;
(iii) f admits fibres of type (A) and no multiple fibres.
Proof. Let us use the fibrations fn : Zn −→ P1 constructed in Proposition 3.4. Consider a cyclic base
change β : P1 −→ P1 of degree d ≥ 6 ramifying in two points different from the points corresponding to
singular fibres of fn, and form the fibred product
Xn //
gn

Zn
fn

P1
β
// P1
(3.2)
So, Xn has at least 6 fibres of the form described in Proposition 3.4. By the very same arguments as in
Proposition 2.4, Xn is simply connected. Note that all its fibres are fibres also of fn. If gn had a multiple
fibre, then it would have at least 6 copies of this fibre. From Remark 1.1 we see that this would imply
that Xn is not simply connected, a contradiction.
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